Abstract. For a semi-stable representation V , we will construct a subspace
Introduction
Let K be a complete discrete valuation field of characteristic 0 with perfect residue field k of characteristic p > 0. Choose an algebraic closure K of K and consider its p-adic completion C p . By a p-adic representation of G K = Gal(K/K), we mean a finite dimensional vector space V over Q p endowed with a continuous action of G K . Put K ∞ = ∪ 0≤m K(ζ p m ) where ζ p m denote a primitive p m -th root of unity in K satisfying (ζ p m+1 ) p = ζ p m . Let H K denote the kernel of the cyclotomic character χ : G K → Z * p and define Γ K to be G K /H K ≃ Gal(K ∞ /K). Then, for a p-adic representation V of G K , Sen constructs a K ∞ -vector space D Sen (V ) of dimension dim Qp V in (C p ⊗ Qp V ) H K equipped with the K ∞ -linear derivation ∇ (0) which is the p-adic Lie algebra of Γ K . In the case when V is a Hodge-Tate representation of G K , the set of eigenvalues of ∇ (0) on D Sen (V ) is exactly the same as the set of Hodge-Tate weights of V . Now, we shall state the aim of this article. First, let us fix some notations. Fix a prime π of O K (the ring of integers of K) and for each 1 ≤ m, fix a p m -th root π 1/p m of π in K satisfying (π 1/p m+1 ) 
where X denotes a proper smooth scheme over K, the action of ∇ (π) on D π-Sen (V ) describes an analogy of the infinitesimal variations of Hodge structures and satisfies formulae similar to the Griffiths transversality and the local monodromy theorem.
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Preliminaries on basic facts
2.1. p-adic periods rings and p-adic representations. (See [F1] for details.) Let K be a complete discrete valuation field of characteristic 0 with perfect residue field k of characteristic p > 0. Put K 0 = Frac(W (k)) where W (k) denotes the ring of Witt vectors with coefficients in k. Choose an algebraic closure K of K and consider its p-adic completion C p . Put
For two elements x = (x (i) ) and y = (y (i) ) of E, define their sum and product by (x + y)
) denote an element of E such that ǫ (0) = 1 and ǫ (1) = 1. Then, E is a perfect field of characteristic p > 0 and is the completion of an algebraic closure of k((ǫ − 1)) for the valuation defined by v E (x) = v p (x (0) ) where v p denotes the p-adic valuation of C p normalized by v p (p) = 1. The field E is equipped with an action of a Frobenius σ and a continuous action of the Galois group G K = Gal(K/K) with respect to the topology defined by the valuation v E . Define E + to be the ring of integers for this valuation. Put A + = W ( E + ) and 
Define B HT to be the associated graded algebra to the filtration Fil
is a one-dimensional C p -vector space spanned by the image of t i . Thus, we obtain the presentation
where 
Fix a prime element π of O K (the ring of integers of K) and an element s = (s (n) ) ∈ E + such that s (0) = π. Then, the series log([s]π −1 ) converges to an element u π in B + dR and the subring B cris [u π ] of B dR depends only on the choice of π. We denote this ring by B st . Since this ring is included in B dR , it is endowed with the action of G K and the filtration induced by those on B dR . The element u π is transcendental over B cris and we extend the Frobenius ϕ on B cris to B st by putting ϕ(u π ) = pu π . Furthermore, define the B cris -derivation B st → B st by N(u π ) = −1. It is easy to verify that we have Nϕ = pϕN and that the action of N on D st (V ) is nilpotent. As in the case of B cris , we have (B st )
Furthermore, we say that V is a potentially semi-stable representation of G K if there exists a finite field extension L/K in K such that V is a semi-stable representation of G L . Due to the result of Berger [Be1] , it is known that V is a potentially semi-stable representation of G K if and only if V is a de Rham representation of G K .
2.2. The theory of Sen. Keep the notation and assumption in Introduction. In the article [S3] , Sen shows that, for a p-adic representation V of G K , thê
and does not depend on the choice of γ. By the following proposition, we can see that the set of eigenvalues of ∇ (0) on D Sen (V ) is exactly the same as the set of Hodge-Tate weights of V if V is a Hodge-Tate representation of G K . Proposition 2.1. If V is a Hodge-Tate representation of G K , there exists a Γ K -equivariant isomorphism of K ∞ -vector spaces
Proof. Since V is a Hodge-Tate representation of G K , there exists a basis {g j } d j=1
of C p ⊗ Qp V over C p such that it gives the Hodge-Tate decomposition
From this presentation, it follows that {g j } d j=1 forms a basis of a K ∞ -vector space X which is contained in (C p ⊗ Qp V ) H K and stable under the action of Γ K . Then, since we have X ֒→ D Sen (V ) by definition and both sides have the same dimension d over K ∞ , we get the equality X = D Sen (V ). Thus, we obtain the Γ K -equivariant isomorphism of
Let us recall notations. Fix a prime π of O K (the ring of integers of K) and for each 1 ≤ m, fix a p m -th root
. Let H denote the Galois group Gal(K/K BK ∞ ) and define Γ BK to be Gal(K BK ∞ /K ∞ ). Then, we have an isomorphism of profinite groups 
where {F j } j denotes a set of elements of B + cris ⊗ Qp V and we take m j ∈ Z such that {f j } j forms a basis of B
Definition 3.1. With notations as above, let {h j := t m j F j } j denote the image of
Lemma 3.2. The elements {h j } j are linearly independent over
Proof. We can show inductively that
By this lemma, we can easily verify that the following proposition holds.
It follows easily that the K
if γ ∈ Γ K is close enough to 1. By the following proposition, we can see that the action of ∇ (0) on D π-Sen (V ) tells us about Hodge-Tate weights as in the case of D Sen (V ).
Furthermore, the set of integers {n j } j is exactly the same as the set of Hodge-Tate weights of V .
Proof. Note that we have {γ(f j ) = χ(γ) n j f j } j by definition. Then, we can show inductively that we have {γ(
The rest is easily verified by Proposition 3.3.
On the other hand, if β ∈ Γ BK is close enough to 1, the series of operators on
does not depend on the choice of β ∈ Γ BK . This easily follows from the calculations ∇ (π) (f j ) = 0 and ∇ (π) ( uπ t ) = 1.
Remark 3.5. By using the calculations ∇ (π) (f j ) = 0 and ∇ (π) (
Compare this formula to the main construction {f M1] . In fact, the idea of the construction of D π-Sen (V ) is based on the similarity between Corollary 2.1.14 of [Ki] and Main Theorems of [M1] and [M2] .
3.2. Some properties of differential operators. We shall describe the actions of derivations ∇ (0) and ∇ (π) on D π-Sen (V ). First, by a standard argument, we can show that, if x ∈ D π-Sen (V ), we have
Proof. In the case when V is a crystalline representation of G K , we can take {f j } j as a basis of
We can see that the action of Γ BK on this basis is trivial and thus the action of
Conversely, there is a semi-stable representation V of G K such that the action of ∇ (π) on D π-Sen (V ) is non-trivial. The next example is the prototype of such a semi-stable representation.
Example 3.10. Let V be a p-adic representation of G K attached to the Tate curve K * / π . We can take a basis {e, f } of V over Q p such that the action of g ∈ G K is given by χ(g) c(g) 0 1 .
It is easy to see that
As indicated by Proposition 3.4, we have
that is, the Hodge-Tate weights of V are {0, 1}. Furthermore, the action of
on this basis is given by
is nilpotent (Proposition 3.7) and that the action of ∇ (π) increases the Hodge-Tate weights by 1 (Proposition 3.8). Thus, we can know more than Hodge-Tate weights by using the K
Let X be a proper smooth scheme over K. Then, it is known that the p-adić
In this section, we shall study the geometric aspect of Proof. This follows easily from Proposition 3.8.
By the same argument, we can see that an analogy of the local monodromy theorem holds for the L 
